We give an almost complete classification of those generalized triangle groups that are finite, building on previous results of Baumslag, Morgan and Shalen [1], Conder [4], Rosenberger [12] and Levin and Rosenberger [11] . There are precisely two groups for which we cannot decide whether or not they are finite.
INTRODUCTION
A generalized triangle group is one given by a presentation (a, b | ap , bq , Wr), where p, q, r are integers greater than 1, and W is a word of the form aaibß< ...aakbßk, k>\, 0 < a¡ < p , 0 < ßi < q for all /, which is not a proper power. These groups are a natural generalization of the triangle groups T = T(p, q, r) defined by the presentations (a,b\ap ,bq , (ab)r), where (again) p, q and r are integers greater than one. It is known that, in T, the elements a, b and ab really do have orders p, q and r respectively (i.e., the group does not "collapse"), and that T is infinite if £ + £ + \ < 1 and finite if i + i + ¿ > 1.
The first two of these properties go over to generalized triangle groups. It was shown in [1] , and, independently, in [6] , that, if G is the generalized triangle group defined by (a,b\a",bq, Wr), then there is a homomorphism <j> : G -» PSL(2, C) such that cf>(a), q>(b) and 4>(W) have orders p, q and r respectively. Around the same time Boyer in [2] showed that there is a homomorphism G -» SO(3) with the same property. He also showed that G is infinite if no two of p, q, r are equal to 2 and max{p, q, r} > 6, under some restrictions on W. It was shown in [8] that G is infinite if £ +1 + \ < 1 provided that r > 3 , or r = 2 with p > 3 and q > 6, or (p, q, r) = (4, 5, 2) . This was generalized in [1] , where it was shown that G is infinite whenever ^ + | + 7 < 1 . An elementary proof of this last fact (given that G does not collapse) may be found in [13] .
However, unlike the triangle groups, a generalized triangle group may be infinite when ¿ + | + 7 > 1 • It is an open question as to precisely which generalized triangle groups are finite, and it is this question that we address in this paper. The finite generalized groups with presentation (a,b\ap ,bq, (aa,bß< ...aakbßk)r), have been determined for r > 3 in [7] . For k = 1 the group is finite only if it is a triangle group (see for example [3] ). The finite cases have also been determined for r = 2, k = 2 in [12] , for r = 2, k = 3 or 4 in [11] , and, if (P, q) = (2,3), for kr < 12 in [4] . Building on these results, we prove the following: Theorem 1.1. Let G = (a, b \ ap ,bq , Wr) be a finite generalized triangle group, where W = aa,bßl ...a°kbßk, 0 < a¡ < p, 0 < ß, < q, W is not a proper power, and k > 2. Then up to equivalence G is one of the following:
b3, (ab ab ab2 ab2)2), of order 576; (ab ab ab2)3), of order 1440; (abab2)2) = A5 x C3, of order (aba2b2)2), of order 288; (abab2)2), of order 120; (ab ab ab*1)2), of order 1200; (abab2 ab4)2), of order 1200; (ab ab ab3)2), of order 192; (abab2)2), of order 24; (ab ab ab2)2), of order 48; (ab ab ab ab2)2), of order 120; (ab ab ab2 ab ab2)2), of order 720;
(8) (ab ab ab ab2 ab ab2 ab2)2), or (ab ab ab ab2 ab2 ab ab2 ab2)2). or of Zq ; or By the term "equivalence" here we mean the following. We regard two cyclically reduced words W, W' e Zp * Z? as equivalent if we can transform one to the other by a sequence of moves of the form:
( 1 ) cyclic permutation; (2) inversion; (3) automorphism of 7LP (4) interchanging the two free factors (if p = q ). By abuse of language, if two words are equivalent, we say also that the corresponding generalized triangle groups are equivalent. It is clear that equivalent groups are isomorphic, so it suffices to study generalized triangle groups up to equivalence.
In this setting, Theorem 1.1 is almost a complete classification of finite generalized triangle groups. We do not know whether either or both of the last two groups listed in the theorem are finite. We do know, however, that they are fairly large. They have homomorphic images of orders 453,600,000 and 17,694,720 respectively.
The two groups listed of order 1200 are isomorphic, since (ababab4)2 and (abab2ab4)2 have the same normal closure in (a, b \ a2, b5). The two groups of order 120 are also isomorphic-both are isomorphic to C2 x A$. Also, none of the above are isomorphic to finite triangle groups (the only group listed that has the same order as a finite triangle group is isomorphic to C2 x A4 rather than to 54). Hence up to isomorphism there are between 11 and 13 finite generalized triangle groups that are not triangle groups.
The study of generalized triangle groups is of interest for a number of reasons. For instance, they provide accessible examples of one-relator products (see for example [5] for details). In particular, finite generalized triangle groups that are not themselves triangle groups yield examples of one-relator products that do not behave in quite the expected way with respect to group cohomology for example. See [5] , in particular Theorem 4.1.
One interesting question not addressed here is the following. The ordinary triangle groups satisfy a so-called Tits alternative-either the group has a soluble subgroup of finite index, or it contains a nonabelian free subgroup. Rosenberger [12] has conjectured that a Tits alternative also holds for generalized triangle groups, and there is a lot of evidence in favour of that conjecture [1, 7, 11, 12] .
The methods we use are mainly those of [1, 6, 11, 12] , namely analysis of representations of generalized triangle groups, particularly using trace polynomials. We elaborate on this in Section 2 below. For part of the proof of Theorem 1.1 we also require the technique of pictures as in [5, 9, 10] . We recall the basic definitions of pictures in Section 3.
The proof of the main theorem is spread over Sections 4, 5 and 6, which treat separately the various possible values of the triple (p, q, r). The various parts of the proof are then collected together in Section 7.
Representations and trace polynomials
For any group G,let Z(G) denote the centre of G. If R is any commutative ring with unity, GL(2, R) denotes the group of 2 x 2 invertible matrices with elements from R, SL(2, R) denotes the elements of GL(2, R) with determinant 1, and PSL(2,R) denotes the factor group SL(2, R)/Z(SL(2, R)). Proof. Suppose ß is a multiple root of a(X). By Theorem 2.1 we can find a special representation px : G -> PSL(2, C) such that tr(px(ab)) = ß, and the image of px is infinite unless ß has the form a + a~x for some 2mth root of unity a / ±1 . Moreover, if the image of px is finite and px(ab) has order greater than 6, then px must be cyclic (it cannot be dihedral, since (p, q) ^ (2, 2) ), so G is infinite by Theorem 2.2. Assume then that ß does indeed have the form a + a~x for some 2mth root of unity a / ±1 , with m < 5. Choose integers k coprime to p and £ coprime to q such that (cos(k7t/p) + cos(in I q))2 ^ ß + Then define f(X) = tr(ACBC~x) = (-X + 2cos(n/p))(X + 2cos(n/q)) -2.
Choose y £ C such that f(y) = ß, and let A = C[X]/((X -y)2). Since ß is a multiple root of cr, it follows that y is a multiple root of a o f, and hence that there is a representation p2 : G -» PSL(2, A) given by a y~* A, b y-y CBC~X . In order to prove that G is infinite, it suffices to find, by Lemma 2.4, a cyclically reduced free product word u in a, b such that y is a simple root of tr(p2(u)) = tu(/(A)) . Now the quadratic polynomial f(X) -ß has distinct roots, since (cos(knfp) + cos(£n/q))2 ^ ß + 2. Hence y is a simple root of tr(p2(u)) if and only if ß is a simple root of xu .
To complete the proof, we exhibit, for each possible combination of p, q and ß , a suitable word u in a, b . We assume that p < q and that l/p+l/q > 1/2, since I/p + \/q + 1/r > 1 (for otherwise G is automatically infinite, by [1] ).
(P, Q) = (2, 2). W = ab , up to conjugacy, and a has no multiple roots. (p, q) = (2,3).
The only noncyclic, finite subgroups of PSL(2, C) generated by elements of orders 2 and 3 are S-¡, A4, A4 and A5, and the only possible orders of elements in these groups are 1,2,3,4 and 5. Hence ß £ {0, ±1, ±y/2, ±1:f ^} ■ Then ab has trace polynomial X, while the trace polynomial of (ab)3'(ab2)2ab(ab2)2 has simple roots ±1, ±\[2, ±x^^ .
(P, q) = (2, 4). Here the finite subgroups in question are T)g and S4 , with elements of order 1,2,3 and 4. However, in each of these groups, if a generating pair of elements have orders 2 and 4, then their product has order less than 4. Hence ß £ {0, ± 1}. The word ababab3 has trace polynomial with simple roots 0, ± 1.
(P, q) = (2, 5).
The finite subgroups are DXo and A5, with elements of orders 1,2,3 and 5. However, in A¡, if the product z of elements x, y of orders 2 and 5 respectively also has order 5, then z is conjugate to y2. In terms of traces, this means that if tr(y) = ±2cos(7r/5) = ±-¡^2 , then tr(z) = ±2cos(2tt/5) = i1^3 • Hence we may assume that ß £ {0, ±1, ±^^}. The trace polynomial of ababab3ab2ab4 has all five of these as simple roots.
(P, q) = (2, n), n > 5 . The only noncyclic subgroup of PSL(2, C) generated by an element of order 2 and one of order n is Z>2" , in which the product of the two generators has order 2. Hence we need only consider ß = 0, which is the unique simple root of the trace polynomial of ab.
(P, q) = (3, 3). The only noncyclic finite subgroups of PSL(2, C) generated by two elements of order 3 are A4 and A5 with elements of orders 1,2,3 and 5. Here, if matrices A, B generate A4 or A5, with tr(A) = tr(B) = 1 , then both AB and AB~X have traces in the set {0, ±1, ±x\s/l} ■ In addition, they must satisfy the identity tr(AB) + tr(AB~x) = tr(^)tr(ß) = 1 , so the set of possible traces is restricted to {0,1, ^^}.
The trace polynomial of abab2a2ba2b2 has precisely these four simple roots.
(P, q) = (3, 4). The only noncyclic finite subgroup of PSL(2, C) generated by an element of order 3 and one of order 4 is 5*4 , in which case the product of the generators has order either 2 or 4. As above, we obtain a restriction on the set of traces from the identity tr(AB) + tr(AB~x) = tr(A)tr(B) = \[2 . Thus the only traces to be considered are 0, \[2~. The trace polynomial of aba2b2 has precisely these two numbers as simple roots.
(P, q) = (3, 5) . In this case the only finite subgroup of PSL(2, C) to be considered is A5, and the product of the generators has order 2,3 or 5. The identity tr(AB) + tr(AB~x) = tr(A)tr(B) = 1±^ restricts the possible traces to 0,1, ±X2^ ■ The trace polynomial of aba2bab2a2b4 has precisely these values as simple roots.
Thus in all cases we have found a word whose trace polynomial has ß as a simple root, and so G is infinite, as claimed. D
Pictures
We will give a brief introduction on pictures here. More details can be found in [5] , [9] or [10] . Let G = (A * B)/N(rm) be a one-relator product; then a picture T on a disc D2 over G consists of:
(i) the vertices ux, ..., un (a disjoint union of discs) in the interior of D2 ; (ii) the arcs c¡ (properly embedded 1-submanifolds of D2 \ int(ljw<)) of r;
(iii) a labeling function that associates, to each component of du¡ \ {{JÇ} and dD2\{\Jc¡}, a label which is an element of A u B .
The vertex label is the word consisting of all the labels at u-,, read anticlockwise and is required to be identically equal to r=Fm (up to cyclic permutation). Every region of T (that is any component of D2 \ T ) either contains labels only from A (an ,4-region) or only from B (a 5-region). Each edge must separate an /1-region from a 5-region. The label of a region is the product of all the labels that appear in its boundary (in the case we are interested in, A and B are abelian, so that this product is well-defined). The label of any region is required to be the identity element of A or of B .
Finally, two arcs which together bound a region, are said to be parallel. In particular the two labels in this region are mutually inverse. We also use the term parallel for the equivalence relation generated by this relation. So a class of k parallel arcs identifies 2 subwords of (rm)±x of length k -1 .
A pair of vertices of Y cancel if they are joined by an arc and their vertex labels read from the end points of this arc form mutually inverse words. A picture with no cancelling vertices is a reduced picture. 4 . The case r > 3 Theorem 4.1. Let q > p >2, r > 3 and let W be a cyclically reduced word of length at least 2 in the free product (a \ ap) * (b \ bq), such that W is not a proper power. If the generalized triangle group G = (a,b\ap ,bq, Wr) is finite, then either W is equivalent to ab (so G is a triangle group) or (p, q) = (2, 3) and W is equivalent to ababab2 (in which case \G\ = 1440).
Proof See [7] . D 5. The case q > p > 3 , r = 2 Theorem 5.1. Let q > p > 3, and let W be a cyclically reduced word of length at least 2 in the free product (a \ ap) * (b \ bq) that is not a proper power. If the generalized triangle group G = (a, b \ap , bq, Wr) is finite, then either W is equivalent to ab (and G is a triangle group), or p = q = 3, r = 2 and W is equivalent to abab2 or aba2b2 (in which case G has order 180 or 288 respectively). Proof. We may assume that I/p + \/q + \/r > 1, so that p = 3, r = 2 and 3 < q < 5. In all three cases, the maximum degree of xw is 4, so W has length at most 8. The result then follows from [12] and [11] . D 6. The case p = r = 2 By Sections 4 and 5 we are reduced to consideration of the case where p = r = 2. If q = 2 the only possibility is the Klein 4-group; so we assume that q>3.
Lemma 6.1. If q > 6 and W is cyclically reduced of length at least 2 in (a | a2) * (b | bq), then G = (a,b \ a2 ,bq, W2) is finite only if W is abk or bka for some k coprime to q (so that G is dihedral). Proof. The only noncyclic finite subgroups of PSL(2, C) to contain an element of order q are the dihedral groups, so the only possible value for tr(AB) is 0. Hence Xw has degree 1, and W has length 2. In other words W = abk or W = bka for some k. But if k is not coprime to q then G is a nontrivial free product with amalgamation (and hence infinite). G Theorem 6.2. If W is cyclically reduced of length at least 2 in (a \ a2) * (b \ b5), then G = (a, b | a2, b5, W2) is finite only if W is equivalent to one of ab, abab2, ababab4 or abab2ab4 (in which case G has order 10, 120, 1200 or 1200 respectively). Proof. The only noncyclic finite subgroups of PSL(2, C) that can be generated by an element of order 2 and an element of order 5 are Dio and As. If matrices A, B of traces 0, ^f^-respectively generate a subgroup isomorphic to Dx0, then tr(AB) = 0, while, if they generate a subgroup isomorphic to A5, then tr(AB) is either ±1 or ±x~^ (not ±^ß-, since AB is not conjugate to ±B ). Hence xw has degree at most 5, and so W has length at most 10. If W has length 8 or less, then the result follows from [12] and [11] , so we are reduced to the case where W has length 10.
If , then G has a special cyclic representation, and so is infinite by [1] . A computer search reveals that the only words of length 10 mapped to permutations of order 2 by both px and p2 , and having è-exponent-sum not divisible by 5, are, up to equivalence, Wk = abab3ab2ab4abk , 1 < k < 4.
Write V = abab3ab2ab4a, so that V2 = 1 in the free product (a | a2) * (b | b5), and Wk = Vbk . Then each of the Wk2 is a consequence of each of the others, together with a2 and b*. Indeed W4, W-x, are conjugate to W^x, W2X respectively, while W22 = W2b~xW2b and similarly W2 = W2b-2W2b2. Hence there is only one group to be considered, namely G=(a,b\a2,b5, W?) = (a, b | a2, b5, W2, W22).
Consider G as a 2-relator product of Hx = (a \ a2) and H2 = (b \ b5). Suppose that ab has finite order N in G, and let Y be a picture on D2 over this 2-relator product, with boundary label (ab)N . Remove the arcs and regions that meet dD2 to obtain a tessellated disc (or union of discs, if Y was not connected). Around each vertex labelled H7,2 = (Vb)2 or W22 = (Vb2)2 we associate angles to the (remaining) corners as follows: every 7/i-cornsr has angle 0, every 7/2-corner labelled by a letter of V has angle n/3, while the remaining two 7/2-corners have angle -n/3.
Thus each interior vertex has angle sum 2n , and so has zero curvature. Now suppose there is an interior, positively curved region. We can see that any such region is 2-sided, with both corners labelled by letters of V. Since no letter occurs twice in V, we can perform bridge moves on Y until we have a collection of 10 parallel arcs (with label V ) joining a vertex m to a vertex v (see Figure 1) . Note that «/«, since bk ^ 1 in C7. Now either u and v are a cancelling pair of vertices, or we may replace them by a single new vertex w say (see Figure 2) . In either case, we replace Y by a smaller picture.
Hence we may assume that there is no positively curved interior region of T. Standard arguments show that there must be a simple boundary vertex of T (i.e., a boundary vertex that is not a separating vertex) with angle sum less than n. But this is impossible, since the labels on 3D2 are all a or b, so a simple boundary vertex must have at least 5 positive angles (see Figure 3) . This contradiction shows that ab has infinite order in G, and hence that C7 is infinite. □ Theorem 6.3. If W is cyclically reduced of length at least 2 in (a \ a2) * (b \ b4), then G = (a, b \ a2, b4, W2) is finite only if W is equivalent to one of ab, or ababab3 (in which case G has order 8 or 192 respectively).
Proof. The only noncyclic finite subgroups of PSL(2, C) containing elements of order 4 are S4 and Dg, corresponding to values ± 1 and 0 respectively for tr(AB). Hence xw has degree at most 3, so that W has length at most 6, and the result follows from [12] and [11] . D We are now reduced to the case where (p, q, r) = (2,3,2).
Conder [4] has classified all quotients of the modular group by a single relator of (free product) length at most 24. In particular this includes W2 if W has length at most 12, so we need only consider the case where W has length 14 or more.
Theorem 6.4. If W is cyclically reduced of length at least 14 in (a \ a2)*(b \ b3), then G = (a, b \ a2, b3, W2) is infinite, except possibly if W is equivalent to one of (ab)3ab2ab(ab2)2, or (ab)3(ab2)2ab(ab2)2. Proof. Noncyclic finite subgroups of PSL(2, C) generated by an element of order 2 and an element of order 3 are S3, A4, S4 and A5. Possible traces of nontrivial elements are 0, ±1, ±V2 and ±1|v^ . Hence these 9 numbers are the only possible roots for Xw ■ Note that, if G has special representations onto S3 and onto A4 , then the induced representation onto S3* x A%b = Z6 is also special, so that G is infinite by [1] . Hence we may assume that, if 0 is a root of xw, then +1 and -1 are not, and vice versa. In particular, xw has degree at most 8, and so W has length at most 16. Since G has no cyclic special representation, but maps to Z2 in such a way that a and W map nontrivially, it does not admit Z3 as a homomorphic image. It follows that the number of b2 letters in W is not congruent to 2 modulo 3. By symmetry, together with the fact that W is not a proper power, we may assume that this number is either 1 or 3. Up to equivalence, there are only four possibilities; but p2((ab)4(ab2)3), p-$((ab)6ab2), p3(ab(abab2)3) do not have order 2, so that the only remaining case is W = (ab)3ab2ab(ab2)2.
If W has length 16, then xw must have roots ±1, ±\[2, and ±x^5 . Hence P2(W), Ps(W) and p4(W) must all have order 2. In particular G must have Z3 as a homomorphic image, so the number of b2 letters in W must be congruent to 1 modulo 3. By symmetry, we may assume that this number is either 1 or 4. There are 6 possibilities up to equivalence (since W is not a proper power), but none of (ab)1 ab2, (ab)4(ab2)4 , (ab)3 ab2 ab (ab2)3, (ab)2(ab2)2(abab2)2 are mapped to elements of order 2 by P2, while Pi((ab)2ab2ab(ab2)2abab2) does not have order 2. This reduces us to the case W = (ab)3(ab2)2ab(ab2)2. u 7. Proof of Theorem 1.1
Let G = (a, b \ ap , bq , Wr) be a finite generalized triangle group that is not a triangle group (that is, W is not equivalent to ab ). Then ^ + | + 7 > 1 , by [1] . If r > 2 then the result follows from Theorem 4.1; so assume that r = 2 . Without loss of generality we may assume that p < q . If p > 2 then the result follows from Theorem 5.1; so assume that p = 2. If q = 2 then W = ab; so assume that q > 2. If q > 3 then the result follows from Lemma 6.1 and Theorems 6.2 and 6.3; so assume that q = 3 . If W has length 12 or less, then the result follows from [4] , while, if W has length greater than 12, then the result follows from Theorem 6.4. D
